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Horndeski theories self-tuning to a de Sitter vacuum.
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We consider Horndeski cosmological models able to screen the vacuum energy coming from any
field theory assuming that after this screening the space should be in a de Sitter vacuum with a
particular value of the cosmological constant specified by the theory of gravity itself. The most
general scalar-tensor cosmological models without higher than second order derivatives in the field
equations that have a spatially flat de Sitter critical point for any kind of material content or vacuum
energy are, therefore, presented. These models could allow us to understand the current accelerated
expansion of the universe as the result of a dynamical evolution towards a de Sitter attractor.
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I. INTRODUCTION
The possibility of understanding the late-time accel-
erated expansion of the Universe without invoking the
cosmological constant problem has revived the interest
on alternative theories of gravity. Although most modi-
fied theories of gravity are still affected by this problem
if the vacuum energy gravitates [1], their rich structure
could allow us to describe the cosmic speed-up by as-
suming that the vacuum energy must be fixed to zero.
Therefore, more than a decade after the discovery of the
late-time cosmic acceleration, we are essentially facing
the same questions that were considered after the formu-
lation of general relativity, regarding its uniqueness and
the consistency of its rival theories. Some progress, how-
ever, has been achieved by the Horndeski models. The
Lagrangian for these models was first written down by
Horndeski in 1974 [2] and recently rediscovered by Def-
fayet et al. [3], when generalizing the covariantization for
curved spacetimes [4] of the galileon models [5]. In the
galileon framework one allows general nonlinear deriva-
tive interactions for the Lagrangian of the scalar field
which lead to second order field equations [6]. Horndeski
theories are a generalization of the latter and are, there-
fore, free of the Ostrogradski instability. Note that the
Horndeski Lagrangian contains four arbitrary functions
of the scalar field and its kinetic energy, thus a complete
general study of its cosmological implications is expected
to be a difficult undertaking.
The form of the Horndeski Lagrangian can be signif-
icantly simplified by requiring self-tuning properties, as
has been done by Charmousis et al. [7, 8]. This self-
tuning consists on the screening of any cosmological con-
stant by the scalar field leading to a Minkowski vacuum
space, which avoids potential issues with field theory and
is compatible with unitarity of the S matrix. Thus, these
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models could alleviate the cosmological constant prob-
lem (at least from a classical point of view), as the field
is not only able to overcome a high energy cosmological
constant but it also cancels its effect independently of its
value or any variations on it, i.e., independently of the
occurrence of a phase transition that could change the
value of the vacuum energy by a finite amount [7, 8]. The
resulting models, which have a Minkowski critical point
for any material content, are characterized by four dif-
ferent potentials that were denoted the fab four [8]. The
cosmology of these models was studied in Ref. [9] consid-
ering no material content, where it was shown that the
fab four potentials produce an effect similar to consid-
ering stiff matter, radiation or curvature in cosmological
scenarios.
More recently, a nonlinear generalization of some fab
four terms resulted in the so-called fab five models [10].
This nonlinear combination of purely kinetic gravity
terms can give rise to an accelerating universe without
the addition of extra propagating degrees of freedom on
cosmological backgrounds when matter and radiation are
present [10]. The concept of self-tuning was extended to
models which evolve toward a de Sitter vacuum instead
of Minkowski, which also bring a large cosmological con-
stant under control, though only for a particular mate-
rial content for the universe. Nevertheless, in the fab
five models the screening may be too effective to ensure
stable cosmologies [11].
At a first glance one could think that the fast screening
of the fab five [11] together with the apparent difficulty of
obtaining late time accelerating cosmological solutions of
the fab four potentials [9] may lead to the impossibility
of describing a consistent cosmology alleviating the cos-
mological constant problem through a self-tuning mech-
anism. However, if the Horndeski cosmological models
could deliver a de Sitter attractor instead of a Minkowski
one (as in the fab five case) for any material content (as
in the fab four models), the universe would naturally ap-
proach a late-time phase of accelerated expansion which
would not be driven by the vacuum energy of the under-
lying particle theory.
2In the present article we investigate the Horndeski
models that are able to screen the vacuum energy coming
from any field theory to a de Sitter vacuum. Although
one loses the interesting aspects of the Minkowski space
present in the fab four, here we are more interested in
constructing a viable cosmology compatible with current
observations and independent of the vacuum energy.
The paper is outlined as follows: In Sec. II, we extend
the concept of self-tuning to the case in which one is left
with a non-Minkowski geometry after the screening takes
place; therefore, we summarize some results presented in
Ref. [7, 8] generalizing them for any spatially flat criti-
cal point for cosmological scenarios. In Sec. III, we focus
our attention to a spatially flat de Sitter critical point
and obtain two families of solutions able to self-tune to
this vacuum. In Sec. IV, we discuss the results of this
article. Finally, we relegate to App. A the definition of
the Horndeski Lagrangian and its relation with the form
introduced by Deffayet et al. [3], and to App. B the func-
tions corresponding to the linear models in the notation
of Ref. [3].
II. GENERAL FRAMEWORK
The Horndeski point-like Lagrangian with a scalar field
φ can be written as [8]
LH = a
3
3∑
i=0
[
Xi
(
φ, φ˙
)
− k
a2
Yi
(
φ, φ˙
)]
Hi, (1)
where a is the scale factor, H = a˙/a is the Hubble pa-
rameter, a dot represents a derivative with respect the
cosmic time t, k is the spatial curvature, and the func-
tions Xi and Yi can be written in terms of the usual
Horndeski functions as shown in Ref. [8] (see App. A).
We assume that the material content is minimally cou-
pled to gravity and uncoupled to the field φ. Thus, the
matter minisuperspace Lagrangian is
Lm = −a3ρm(a), (2)
where the material satisfies the usual conservation equa-
tion ρ˙m + 3H(1 + wm)ρm = 0, and wm = pm/ρm is the
equation of state parameter.
In order to obtain the most general model capable of
screening any vacuum energy into a Minkowski vacuum,
Charmousis et al. showed that one needs to impose the
following three conditions: (i) the on-shell minisuper-
space Lagrangian must be independent of the field and
its derivatives (up to total derivatives); (ii) the on-shell
Hamiltonian density must depend on φ˙ and; (iii) the full
scalar equation of motion must be dependent on a¨. The
term on shell simply refers to evaluation at the cosmolog-
ical solution which arises after complete screening takes
place. The two first conditions imply that the field equa-
tion is trivially satisfied once screening has occurred, as
it is needed to have a screening mechanism effective for
any value of the cosmological constant. Since we are as-
suming that matter is not interacting with the field φ,
the field equation is not only independent of the vac-
uum energy but also of the material content. This im-
plies that complete screening is reached independently of
the material content given by Lagrangian (2), as pointed
out in Ref. [8]. The way in which the field screens the
vacuum energy and this matter content, however, does
depend on the particular material present in the theory
through the modified Friedmann equation. The existence
of non-trivial cosmological solutions which depend on the
matter content is allowed by condition (iii), which is the
requirement for the self-tuning solution to be approached
dynamically. More specifically, the on shell solution is a
critical point of the evolution.
A similar procedure as that presented in Ref. [8] can be
followed considering now that after the screening effect
the universe has an on shell solution in the scale factor,
aos, characterizing the vacuum. Thus, the model can
have a critical point at Hos where the subscript “os” de-
notes evaluation on shell in a (which is Minkowski in [8]).
The first condition implies that the Lagrangian density
evaluated on shell, Los, can be written as
Los = c(aos) + 1
a3os
ζ˙ (aos, φ) . (3)
where c and ζ are arbitrary functions. Conditions (ii)
and (iii) are equivalent if Hos 6= 0 and imply that at
least for one i 6= 0, one has
Xi,φ˙
(
φ, φ˙
)
− k
a2os
Yi,φ˙
(
φ, φ˙
)
6= 0. (4)
Let us now consider three aspects with the aim of find-
ing the general form of the functions Xi which lead to
self-tuning. First, one must realise that a particular La-
grangian which satisfies the conditions given by Eqs. (3)
and (4) for k = 0 (which implies removing the depen-
dence on the Yi functions) is given by
L = a3
{
c(a) +
3∑
i=0
X i
(
φ, φ˙
) [
Hi −Hios
]}
, (5)
which is a trivial generalization of that presented in
Ref. [8] for a (at the moment unspecified) critical point
at Hos. At the same time (5) is more restricted because it
is valid only for k = 0. Secondly, it should be noted that,
in principle this is not the only Lagrangian with such a
behaviour. As it has been explicitly proven in [8] (with
a proof valid for any Hos(a), i.e., only dependent of the
scale factor), two Horndeski theories which self-tune to
Hos are related through a total derivative of a function
µ (a, φ). Therefore, the general form of a Lagrangian
able to self-tune is given by
L = L+ µ˙ (a, φ) . (6)
A total derivative does not affect, of course, the cosmo-
logical evolution. The consideration of Eq. (6), however,
3allows us to restrict the general form of the Xi’s appear-
ing in Lagrangian (1) able to self-tune, by considering
their relation with Xi. Thirdly, given that L and L in
this relation are given by Eqs. (1) and (5), respectively,
and that this relation must be satisfied during the whole
evolution (that is, for any H), the particular form of the
functions Xi in terms of Xi can be obtained. They are
X0 = c(a)−
∑
i=1..3
XiH
i
on +
φ˙
a3
µ,φ, (7)
X1 = X1 +
1
a2
µ,a, X2 = X2, X3 = X3. (8)
Combining these expressions to eliminate the dependence
in Xi, it results that
3∑
i=0
Xi(φ, φ˙)H
i
os = c(a) +
Hos
a2
µ,a +
φ˙
a3
µ,φ, (9)
where the LHS is precisely the on-shell Lagrangian den-
sity Los.
III. REQUIRING A SPATIALLY FLAT DE
SITTER CRITICAL POINT
Let us now focus our attention on Horndeski cosmolo-
gies with a spatially flat de Sitter critical point, which
means that we demand Hos =
√
Λ. As the LHS of Eq. (9)
is independent of a, the RHS must also be independent
of a for any value of φ˙. Keeping this in mind, we can
constrain the general form of the function µ and, conse-
quently, the form of the Lagrangian density evaluated on
shell in a. This is provided by
Los = 3
√
Λh(φ) + φ˙ h,φ(φ), (10)
where h(φ) is a general function of φ. Therefore, there
are two different kinds of terms which can appear in the
Lagrangian. These are: (i) Xi–terms linear in φ˙, and
(ii) Xi–terms with a non-linear dependence on φ˙ in the
Lagrangian (1), but which contribution vanishes in the
on-shell point-like Lagrangian (10).
A. Terms linear in φ˙
In order to satisfy Eq. (10) considering only terms lin-
ear in φ˙, it is sufficient to consider
X lineari
(
φ, φ˙
)
= 3
√
ΛUi(φ) + φ˙Wi(φ). (11)
As from Eq. (10) one has
∑3
i=0 Ui(φ)Λ
i/2 = h(φ) and∑3
i=0Wi(φ)Λ
i/2 = h,φ(φ), the potentials Ui andWi must
satisfy the constraint
3∑
i=0
Wi(φ)Λ
i/2 =
3∑
i=0
Ui,φ(φ)Λ
i/2. (12)
Thus, the Lagrangian of these models can be written as
Llinear = a
3
3∑
i=0
[
3
√
ΛUi(φ) + φ˙Wi(φ)
]
Hi. (13)
Taking into account this Lagrangian, the field equa-
tion can now be obtained. This is given by a3εlinear ≡
∂L/∂φ− ∂t(∂L/∂φ˙) = 0, which yields
εlinear =
3∑
i=0
{
3
√
Λ
[
Ui,φ(φ) − H√
Λ
Wi(φ)
]
−i H˙
H
Wi(φ)
}
Hi . (14)
As one expects, this field equation is independent of φ˙
and φ¨, given that we have a Lagrangian linear on φ˙.
Taking into account condition (12), it can be noted that
Eq. (14) is trivially satisfied for H˙ = 0 and H =
√
Λ,
independently of value of the field, any potential vacuum
energy and material content, as we intended to. This en-
sures, at the end of the day, the fulfilment of condition (i).
We further require that the first term of Eq. (14) cannot
vanish for any H , otherwise H˙ would have to vanish dur-
ing the entire evolution, which means that the screening
would not be dynamical. Furthermore, condition (iii) is
satisfied for
∑3
i=0 iWi 6= 0.
The Hamiltonian density is given by
Hlinear =
3∑
i=0
[
3(i− 1)
√
ΛUi(φ) + i φ˙Wi(φ)
]
Hi , (15)
and the modified Friedmann equation is given by
Hlinear = −ρm(a). Here the material content first ap-
pears, affecting the cosmological evolution only until the
field completely screens its contribution. Condition (ii)
requires that this Hamiltonian density evaluated on shell
depends on φ˙ to absorb any changes on the value of the
vacuum energy and the matter in the field, which implies∑3
i=0 iWi 6= 0 as condition (iii). Therefore, a neces-
sary and sufficient condition for the linear models to self-
tune is that at least one Wi 6= 0, with i 6= 0 is present.
The models containing only W0 and Ui potentials and
those with only Ui’s do not spoil the screening of other
potentials when combined with them, but they are not
able to self-tune by themselves (namely, to approach a
de Sitter solution dynamically). It must be noted that
an Einstein–Hilbert term is contained in the Lagrangian
of Eq. (13), although this term is not able to self-tune
by itself. It can be explicitly written by redefining the
potential U2 as U2 − 1/(8piG
√
Λ).
Considering the relation of the functions Xi and Yi
with the Horndeski functions given in Ref. [8] (and sum-
marized in App. A), one can obtain those functions which
will give the Horndeski Lagrangian without restriction to
4the minisuperspace. These are given by
κ1(φ, φ˙) =
3
√
ΛU3
4
√−X −
W3
8
ln(−X), (16)
κ3(φ, φ˙) =
U4√−X + U5 +
W3,φ
8
[2− ln(−X)]
+
(9
√
ΛU3,φ −W2) ln(−X)
24
√−X , (17)
κ8(φ, φ˙) =
3
√
ΛU2,φ −W1
6X
− W2,φ
3
√−X , (18)
κ9(φ, φ˙) = 3
√
ΛU0 +
[
W0 −
√
ΛU1,φ
]√
−X
+
W1,φX
2
+ 2U5,φφX
2, (19)
F (φ, φ˙) = −
√
ΛU2
4
− W2
√−X
6
− U5X, (20)
where X = ∇µφ∇µφ, U4(φ) and U5(φ) are integration
constants with respect to X , and the dependence of the
potentials on the field is implicitly assumed in order to
simplify notation. Two additional functions which ap-
peared as integration constants with respect to X have
been removed since their contributions to the different
functions lead to a total derivative for the general Horn-
deski Lagrangian. As the potentials U4(φ) and U5(φ) do
not appear in the minisuperspace Lagrangian for spa-
tially flat models, these terms are not only unable of
screening, but they also do not affect the cosmological
dynamics for cosmologies with k = 0. Nevertheless, one
should take into account their possible existence when
considering solutions of these models with a different
symmetry. On the other hand, in App. B we include the
functions that appear in the Lagrangian when written as
in Ref. [3].
In summary, for this class of solutions, we have ten
functions of φ appearing in the Horndeski Lagrangian,
Ui(φ) with i = 0, ..., 5 and Wj(φ) with j = 0, ..., 3,
and one constraint, given by Eq. (12). Therefore, we
are left with nine arbitrary potentials, which reduces to
seven arbitrary potentials when we restrict ourselves to
the study of Friedmann-Robertson-Walker models, where
U4(φ) and U5(φ) are not present.
B. Nonlinear terms
Let us now consider terms with an arbitrary depen-
dence on φ and φ˙, leading to a Lagrangian given by
Lnl = a
3
3∑
i=0
Xnli
(
φ, φ˙
)
Hi. (21)
Taking into account Eq. (10), we know that the contribu-
tion to the point-like Lagrangian of these terms vanishes
on shell in a. As each Xi is multiplied by a different
power of H in the Lagrangian (1), in order to have an
arbitrary function of φ and φ˙ appearing in one particular
Xm, that function must cancel its contribution only on
shell in Eq. (10) with the other functions Xi with i 6= m.
Thus, the second family of solutions contain terms Xnli
in the Lagrangian that can be nonlinear in φ˙ and satisfy
the constraint
3∑
i=0
Xnli
(
φ, φ˙
)
Λi/2 = 0. (22)
These models have a Hamiltonian density
Hnl =
3∑
i=0
[
(i − 1)Xnli
(
φ, φ˙
)
+ φ˙Xnl
i,φ˙
(
φ, φ˙
)]
Hi, (23)
which does not vanish on shell in general, since we have
Hnl, os =
3∑
i=0
iXnli
(
φ, φ˙
)
Λi/2, (24)
where we used Eq. (23) on shell and constraint (22) to-
gether with its first derivative. As the Hamiltonian den-
sity (23) depends on φ˙ in general, one can screen different
vacuum energies to a de Sitter solution fixed by the the-
ory even if the on-shell minisuperspace Lagrangian van-
ishes, that is, even if h(φ) = 0 in Eq. (10). It should
be noted that, if only these nonlinear terms are present,
the modified Friedmann equation is Hnl = −ρm(a), but
if both kind of terms appear in the Lagrangian one has
Hlinear + Hnl = −ρm(a). On the other hand, the field
equation can be written as
εnl =
3∑
i=0
[
Xnli,φ − 3Xnli,φ˙H − iXnli,φ˙
H˙
H
− Xnl
i,φ˙φ
φ˙−Xnl
i,φ˙φ˙
φ¨
]
Hi. (25)
From this equation one can explicitly verify that it van-
ishes identically for {H = √Λ, H˙ = 0}, independently
of the value of φ or ρm, due to condition (22) and other
conditions which can be obtained deriving condition (22)
with respect to φ or φ˙. Again cases with Eq. (25) reduc-
ing to an algebraic equation in H have to be dismissed.
From the nonlinear family of models, the ones with
only a pair of functions Xnli must be emphasized as they
have a particular simple expression. Since these terms
have to appear in pairs, they can be written as
Xpi
(
φ, φ˙
)
= Λ−i/2
3∑
j=0
sgn(j − i)Wij
(
φ, φ˙
)
, (26)
where Wij = Wji, Wij,φ˙φ˙ 6= 0, and sgn(j − i) is the
sign function. Thus, there are six arbitrary functions of
φ and φ˙ appearing in the Lagrangian. This non-linear
Lagrangian is
Lp = a
3
3∑
i,j=0
sgn(j − i)Wij
(
φ, φ˙
)( H√
Λ
)i
, (27)
5which, of course, vanishes on-shell. The Hamiltonian
density and field equation for these models are given by
Eqs. (23) and (25) substituting Xnli by X
p
i defined in
Eq. (26).
The nonlinear family of models is too general to write
the Horndeski functions without restricting attention to
a particular group of models. In order to compare these
models to other existing in the literature the simplest
approach is to proceed at the level of the minisuperspace
Lagrangian.
C. Most general Lagrangian
There is still a group of terms that are not yet included
in our study. These terms contribute to the point-like La-
grangian with k = 0 via a total derivative, which do not
necessarily imply that these additional terms are equiv-
alent to a total derivative in the general Horndeski La-
grangian (before restricting to the minisuperspace); they
are not even a total derivative for the minisuperspace
Lagrangian for k 6= 0 (for which no de Sitter critical
point is in principle present). Therefore, the most gen-
eral point-like Lagrangian with a spatially flat de Sit-
ter critical point for any material content and vacuum
energy, and which equations of motion do not contain
higher than second derivative is given by
L = Llinear + Lnl +
d
dt
F (a, φ) + k G(a, a˙, φ, φ˙), (28)
with Llinear and Lnl given by Eqs. (13) and (21), respec-
tively. These additional terms are, of course, unable to
screen by themselves, as the cosmological dynamics of
spatially flat models is independent of them.
A particular example of a model described by a La-
grangian of the form (28) has been studied in Ref. [12].
Their “purely kinetic coupled gravity” corresponds to a
model with
U2 = −M
2
Pl√
Λ
, Xnl0 =
φ˙2
2
, Xnl2 = −
φ˙2
2Λ
(29)
and the remaining potentials vanish (c3 = −M2Pl/(6Λ) in
their notation). This model has, therefore, a de Sitter
critical point for any value of the vacuum energy and
kind of material content.
IV. SUMMARY AND FURTHER COMMENTS
In this article we have extended the concept of self-
tuning presented in Refs. [7, 8] to a de Sitter vacuum solu-
tion. This self-tuning is based on a field equation with an
explicit dependence on the derivative of the Hubble pa-
rameter and that is trivially satisfied at the critical point.
This feature allows the field to dynamically screen any
vacuum energy through the modified Friedmann equa-
tion, but also any other material which does not interact
with the field. Thus, requiring that the Horndeski min-
isuperspace Lagrangian has to satisfy this self-tuning to
de Sitter, we have obtained two families of cosmologi-
cal scenarios with a spatially flat de Sitter critical point.
The first family has a minisuperspace Lagrangian con-
sisting of linear terms in φ˙, and the second family has a
vanishing on-shell minisuperspace Lagrangian.
We have generalized a powerful framework that has
helped to select the models which one should take into
account to alleviate (at least classically) the cosmological
constant problem. These models are phenomenological
promising because in the case when the critical point is
indeed an attractor, these cosmologies allow a de Sitter
late-time accelerated phase independent of the particular
value of the vacuum energy. Thus, these models allow us
to understand the late-time cosmic speed-up as the result
of a dynamical approach to a critical fixed point in field
space.
The stability analysis of the critical point, however,
has to be undertaken given a particular model as in the
fab four case [9]. It is also now important to study the
evolution of the Universe under these models during ra-
diation and matter phases in the search for viable cos-
mological models leading to a late-time accelerated ex-
pansion of the Universe compatible with current obser-
vations. In Ref. [13] we have already concluded that the
critical point is indeed an attractor for relevant mod-
els of the linear family, showing that those models have
a promising behaviour at the cosmological background
level. Work along these lines regarding the nonlinear
family is currently in progress.
It must be emphasized that the models presented in
this article are generically different from other models
obtained in the literature [14, 15]. Those models have a
de Sitter attractor for particular kinds of Horndeski the-
ories when a given material content for the universe is
assumed [14, 15]. The advantage of our model is that it
may alleviate the cosmological constant problem because
it has a de Sitter critical point for any value of the vac-
uum energy and type of material content. This implies
that the cosmological constant of the critical point is not
determined by the energy of the vacuum of the matter
field but is of purely gravitational origin.
Finally, it must be noted that we are only considering
Horndeski models. There could be in principle other
stable theories with a self-tuning mechanism which do
not have second order field equations for any gauge such
as the models proposed in Ref. [16–20].
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Appendix A: Dictionary
The Horndeski action can be written as [2]
LH = δαβγµνσ
[
κ1∇µ∇αφRβγνσ − 4
3
κ1,X∇µ∇αφ∇ν∇βφ∇σ∇γφ+ κ3∇αφ∇µφRβγνσ − 4κ3,X∇αφ∇µφ∇ν∇βφ∇σ∇γφ
]
+ δαβµν [F Rαβ
µν − 4F,X∇µ∇αφ∇ν∇βφ+ 2κ8∇αφ∇µφ∇ν∇βφ]− 3 [2F,φ +X κ8]∇µ∇µφ+ κ9, (A1)
where X = ∇µφ∇µφ, κi (φ, X) are arbitrary functions,
a function W (φ) which usually appears in (A1) has been
absorbed in F (φ, X) without any lost of generality, and
F,X = κ1,φ − κ3 − 2Xκ3,X . (A2)
The functions appearing in the minisuperspace La-
grangian (1) are related with the Horndeski functions by
[8])
X0 = −Q7,φφ˙+ κ9, X1 = −3Q7 +Q7φ˙, (A3)
X2 = 12F,XX − 12F, X3 = 8 κ1,X φ˙3, (A4)
Y0 = Q1,φφ˙+ 12 κ3φ˙
2 − 12F, (A5)
Y1 = Q1 −Q1φ˙ Y2 = Y3 = 0, (A6)
and we have defined for simplicity (in analogy with
Ref. [8]) the functions
Q1 = Q1,φ˙ = −12 κ1, (A7)
Q7 = Q7,φ˙ = 6F,φ − 3 φ˙2κ8. (A8)
It can be noted that the expression of X1(φ, φ˙) given by
Eq. (A3) is not exactly the same as that appearing in [8]
because we have simplified it using Eq. (A8).
As is well known, the Horndeski Lagrangian (A1) is
equivalent to the Lagrangian presented by Deffayet et al.
in Ref. [3]. This is:
L = K(φ, X)−G3(φ, X)φ+G4(φ, X)R+G4,X
[
(φ)2 − (∇µ∇νφ)2
]
+ G5(φ, X)Gµν∇µ∇νφ− 1
6
G5,X
[
(φ)3 − 3(φ)(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
(A9)
The functions appearing in (A1) and (A9) are related
through the dictionary presented in Refs. [3] and [21].
Considering the definitions we are using this dictionary
can be written as
K = κ9 +X
∫ X
dX ′ (κ8,φ − 2κ3,φφ) , (A10)
G3 = 6F,φ +Xκ8 + 4Xκ3,φ
−
∫ X
dX ′ (κ8 − 2κ3,φ) , (A11)
G4 = 2F + 2Xκ3, (A12)
G5 = −4κ1. (A13)
It must be noted that our definition of X = ∇µφ∇µφ
differs by a factor 1/2 and a sign to others sometimes
used in the literature, what has been taken into account
to write Eqs. (A10)-(A13).
Appendix B: Linear models in the notation of
Deffayet et al.
In Sec. III we have presented the Horndeski functions
corresponding to the linear models. In this appendix
we show the functions that appear in the equivalent La-
grangian (A9) obtained by Deffayet et al. [3]. Taking into
account Eqs. (16)-(20) into Eqs. (A10)-(A13), we obtain
7K = 3
√
ΛU0,φ +
√
−X
(
W0 −
√
ΛU1,φ
)
− X
6
[
−3W1,φ +
(
W1,φ −
√
ΛU2,φφ
)
ln(−X)
]
+ (−X)3/2
[
−4U4,φφ + W2,φφ
6
[−6 + ln(−X)] + 3
√
ΛU3,φφφ
2
[−2 + ln(−X)]
]
+
X2W3,φφφ
4
(−3 + ln(−X)) (B1)
G3 =
W1,φ
6
[−1 + ln(−X)]−
√
ΛU2,φ
2
[2 + ln(−X)]− 8U4,φ
√
−X + W2,φ
3
[−5 + ln(−X)]
√
−X
+ 3
√
ΛU3,φφ [1− ln(−X)]
√
−X + W3,φφ(φ)X
4
[7− 3 ln(−X)] , (B2)
G4 = −
√
ΛU2(φ)
2
+
√−X
[
−2U4 + W2
12
[−4 + ln(−X)]− 3
√
ΛU3,φ
4
ln(−X)
]
+
W3,φX
4
[2− ln(−X)] , (B3)
G5 = −3
√
ΛU3(φ)√−X +
W3
2
ln(−X), (B4)
As it can be noted the form of these functions is not par-
ticularly simple, although it can be simpler for particular
choices of the functions Ui(φ) and Wi(φ).
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